The 4th Olympiad of Metropolises
Mathematics
Problems
Day 2
Problem 4. There are 100 students taking an exam. The professor calls them one by one
and asks each student a single question: “How many of 100 students will have a “passed”
mark by the end of this exam?” The student’s answer must be an integer. Upon receiving
the answer, the professor immediately publicly announces the student’s mark, which is
either “passed” or “failed”.
After all the students have got their marks, an inspector comes and checks if there is any
student who gave the correct answer but got a “failed” mark. If at least one such student
exists, then the professor is suspended and all the marks are replaced with “passed”.
Otherwise no changes are made.
Can the students come up with a strategy that guarantees a “passed” mark to each of
them?
(Denis Afrizonov)
Problem 5. We are given a convex four-sided pyramid with apex S and base face ABCD
such that the pyramid has an inscribed sphere (i.e., it contains a sphere which is tangent
to each face). By making cuts along the edges SA, SB, SC, SD and rotating the faces
SAB, SBC, SCD and SDA outwards into the plane ABCD, we unfold the pyramid to
the polygon AKBLCM DN as shown in the figure. Prove that points K, L, M , N are
concyclic.
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(Tibor Bakos and Géza Kós)
Problem 6. Let p be a prime number and let f (x) be a polynomial of degree d with
integer coefficients. Assume that the numbers f (1), f (2), . . . , f (p) leave exactly k distinct
remainders when divided by p, and 1 < k < p. Prove that
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.
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(Dániel Domán, Gyula Károlyi and Emil Kiss)
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