Problem 1: «Walk with a Dog»

During a walk, a dog and its owner stopped for a while, the leash was remaining slightly

taut. Suddenly, the owner started to run at a constant speed V, along a straight horizontal road
perpendicular to the initial direction of the leash. The leash of length | can be considered as very
light and almost inextensible, so that it remains slightly taut during the whole «run». The dog
always runs along the leash. The ground, on which the dog runs, is also horizontal. Assume that
initially the owner was at a point O, the origin of a cartesian coordinate frame XOY, the leash
was aligned with OY, and the owner started to run along OX in the positive direction.
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1) Determine the magnitude and direction of the initial acceleration & of the dog. Sketch

the axes OX and OY and show the acceleration direction with an arrow.
2) Determine the magnitude of dog velocity V* and the magnitude and direction of dog’s

acceleration @™ when the dog passes a point A, at which the angle between the leash
and the owner velocity is o = 45°. Sketch the axes OX and OY and show the direction of
as® with an arrow.

Derive an equation of dog’s trajectory (either explicitly, in the form y = y(x) or x = x(y),

or in a parametric form). Sketch the trajectory so that its main features are manifest (in the
/2

frame XOY). Mathematical hint: I i =In {cot(iﬂ .
siny 2

4) Derive the law motion of the dog (i.e. a time dependence of its coordinates x and ).
Derive and write down a time dependence of dog’s velocity V *9(t) .

5) Assume that dog’s acceleration is only due to the horizontal component F of a force
exerted on the dog by the ground. Find a time dependence F(t) of the force component.
Neglect small «irregularities» of this function (due to discontinues nature of dog leaps).

The dog mass is m .
6) Find the law of motion of the dog (a dependence of x and y on t) after a time significantly

X

exceeding r:VI—, provided the dog and the owner keep running according to the
0
problem statement.
7) A fly started chasing the dog from the initial point of dog motion when the dog had
covered the distance |. The magnitude of fly velocity remains constant and equal to Vq
except for a very short period of acceleration at the start. The fly precisely follows the

dog path. What is the minimal distance r_. that the fly could approach the dog in a very
long time?
8) Determine the magnitude of fly acceleration a}” when it passes the point A.



Proposed Solution

1) Initially the dog is at rest and starts running in the negative direction of OY. The owner

Is moving along OX and its coordinate depends on time as x(t) =V,t. Since the leash length is
AL
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Therefore, the initial acceleration of the dog points in the negative direction of OY and its

magnitude equals a$* =V, /1 (in other words, the OY component of the initial dog acceleration

constant, a dog coordinate at the beginning varies with time as y(t) = 41> -V,t* =1 -

equals a, (t) =V, /1).

One could also argue differently. Let us move to the owner frame (which is moving at a
constant speed Vy along OX). In this frame the instantaneous velocity of the dog is perpendicular
to the leash (since the leash remains taut) and initially it equals Vo. Hence, the only component of
the initial dog acceleration is along the leash (in the negative direction of OY) and its magnitude
equals V' /1.

2) According to the problem statement, dog’s velocity is always directed along the leash.
Again, from the invariance of the leash length it follows that the components of the dog and the
owner velocities on the leash must be equal. Therefore, the magnitude of dog’s velocity at A

\Y/
equals V*° =V, cosa = TOZ :
Notice also that y-component of dog’s velocity at this moment is
. Vv, . . . .
V, =-V,cosasina =—?°sm 2o0., so its magnitude reaches the maximum exactly at o =45°.

Therefore, the y-component of dog’s acceleration at this value of « vanishes. Therefore, the
desired dog’s acceleration is directed along OX.
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To find the acceleration magnitude let us pass to the owner reference frame (moving at a
constant speed V, along OX). In this frame the dog runs along a circle of radius | at a varying
velocity, at the moment under consideration its velocity V' =V -V, is perpendicular to the

: . \Y/ . T VA VA
leash and its magnitude equals TOZ . Hence, the dog centripetal acceleration is |a, |= T = 2—°| :

The net acceleration directed in the positive direction of OX is a vector sum of the
centripetal and tangential accelerations. This means that the magnitude of dog’s acceleration
Vv Ve

. Thus, a%¢ = -
12 * 2

equals a® =|d |/coso =|d |~/2 =
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3) It is easy to determine the dog y -coordinate when the leash makes an angle a. with OX:
y(a) =l-sina. On the other hand, m—a is the tangent angle to the dog trajectory, i.e.

2
ay _ —tana = | cosad—a =—tana. Therefore, dx =-I C(?S “da. Integrating this equation and
dx dx sina
/2 2
using that a="1 at x =0, one obtains: x(a)=1- j CO,S—Bd[szl- In cot(g —cosa ¢ (here
2 ° sinf 2

the «mathematical hint» can be used). This is a parametric equation of the trajectory (angle o
serves as the parameter). Solving the equation for yone finds an explicit equation of the

. [+417—y? . i ..
trajectory: x(y) = -In[A}—JI2 —y? . The curve specified by this equation is called
y

tractrix. It is sketched below (the curve shape could be guessed without an equation, just by
considering the dog motion):
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The main features:
e avertical tangent at the origin;
e asymptotical approach to x -axis;
e monotonous decline and downward convexity.

4) Clearly, x+1cos(a) =I-In{cot[%ﬂzvot because it is exactly the owner coordinate
at t. It follows from this equation that

o vt Vt) eVt —e !
COt(Ej = exp [T‘)j = cosa = tanh [I—"j Sl L g Vel °



V.t . .
Therefore, x(t)=V0t—I-tanh(|—0j. Since sino = 1—tanh2[\%j=cosh‘l(\%j, one also

obtains y(t) =1 -cosh‘l(\%j. Usage of hyperbolic functions simplifies the result but it can be

written via exponents as well. Differentiating these equations, one obtains

V, () =V, -tanh* (\%j and V, (t) =V, -tanh (\%J .cosh™ (\%j : S0

V,
V(L) =, Nf +V. =V, -tanh (Iitj :

Notice that the magnitude of the velocity can be found without differentiation: we have
already shown in 2) that inextensibility of the leash implies V =V,cosa, then using the

expression for the cosine one obtains the same expression.
: - : A V,t V,t
5) Differentiating one more time one gets a,(t)= 2|—°-tanh (I_OJCOShZ (I—"] and

A V,t Vvt V) Vv ,
ay(t)=|—°-{1—2tanh2(T°Hcosh1(|—°j . Therefore, a(t)=|—°-cosh1(|—°tj. According to
the problem statement, this acceleration is due to the desired horizontal component of the force

exerted on the dog by the ground (a Ileash tension is negligible), so
2

F (1) = mat) = mY° -cosh-l(\%j.

6) The answer to this question is obvious even without calculations: after such a long time

. . I
the dog will run almost along x -axis, therefore, x(t) =V,t—I and y(t) =0 for t >> v
0
7) Neglecting a «very short» period of fly acceleration, one can see that the difference of

the fly and dog speeds is V, -V (t) =V, -{1—tanh (\%ﬂ Thus, after a long time the distance

along the trajectory separating the fly and the dog tends to

5= T[\/O ~V (t)]dt =1 -T[l—tanh(Z)]dZ =2l T

exp(-22,)

dy -2z
dz=1- ——=1-In(1 0
z ! oy n(1+e?®)
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(here to is start time of the fly, z, =V,t, /1, and the change of variables y =e™* has been made
ty )

when calculating the integral). By condition, | = IV (t)dt, i.e. 1= jtah zdz = In(cosh z,) . Hence,
0 0

z, =arcoshe. After the transformation of the hyperbolic functions we obtain:
2 2
g2 :(e—\/e2 —1) ,i.e.s=1-In (1+(e—x/e2 —1) j

Therefore, after a very long time (when the owner, the dog, and the fly move along x-axis)
the minimum distance between the fly and the dog tends to

i = | —S=l{l—ln(M(e—\/E)Zﬂzo,gsm .
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8) In 2) we have already determined the magnitude of dog’s velocity at A, V = TOZ , and its
V 2
centripetal acceleration at this point, |a, |= 2—0| Therefore, the curvature radius of dog’s

: V2 . . : V7
trajectory at A equals R, == =1, and the magnitude of fly acceleration at A is a}’ = TO

n



